Using the asymptotic iteration method (AIM) we investigate the variation in the 1s energy levels of hydrogen and helium-like static ions in fully degenerate electron gas. The semiclassical Thomas-Fermi (TF), Shukla-Eliasson (SE) and corrected Shukla-Eliasson (cSE) models are compared. It is remarked that these models merge into the vacuum level for hydrogen and helium-like ions in the dilute classical electron gas regime. While in the TF model hydrogen ground state level lifts monotonically towards the continuum limit with increase in the electron concentration, in the SE and cSE models universal bound stabilization valley through the energy minimization occurs at a particular electron concentration range for the hydrogen-like ion which for cSE model closely matches the electron concentrations in typical metals. The later stabilizing mechanism appears to be due to the interaction between plasmon excitations and the Fermi lengthscales in metallic density regime. In the case of helium-like ions, however, no such stability mechanism is found.
I. INTRODUCTION
Electrostatic and electrodynamic response of electron gas to external perturbations is one of principal subjects in many areas of basic scientific research such as in plasmas, solid state physics, optics, nanotechnology, plasmonics, low dimensional systems, etc. [1] [2] [3] [4] [5] [6] [7] . The dynamic structure factor of a statistical ensemble, as a fundamental element of the linear response theory, provides broad information on dynamic density-density correlations, inelastic scattering of different types, resonant absorbtion, dynamic charge screening and ion stopping power of the particle system via the fluctuation-dissipation theorem [8] [9] [10] [11] . The dielectric response of bound electrons has fundamental impact on almost all physical properties of crystalline and amorphous solids from the optical to electric and thermal aspects [12, 13] .
In metallic compounds and semiconductors [14, 15] , however, the nearly free electron gas is responsible for band gap formation and many outstanding characteristic electrical, optical and magnetic properties due to quantum statistical effects. On the other hand, the static structure factor gives vital information on the ion-ion correlation strength, elastic scattering of electromagnetic radiation from crystalline material, and pair distribution function which provides useful information on liquid-solid phase transitions [16] . The later is also closely related to the static screening potential around the test charge [17] [18] [19] [20] [21] [22] .
The most basic theory of dielectric function and quantum static charge screening in the free electron gas is due to the Thomas-Fermi (TF) theory. This theory uses the Fermi distribution function in order to fully account for the quantum statistical effect. However, the TF screening theory is an ikonic representation of Debye-like exponential screening effect which is based on the single electron wavefunction. Due to neglect of the collective effects which is caused by single electron interaction with a self consistent (Hartree) electrostatic field, as is considered in the Lindhard's response theory of random phase approximation (RPA) [23, 24] , the TF theory does not account for important many-body effects [25] [26] [27] such as Friedel oscillations. However, the gradient corrected version of TF theory has been shown to capture many essential features of the quantum dielectric response and charge screening [28, 29] . On the other hand, recent developments in quantum kinetic and hydrodynamic (HD) [30] [31] [32] [33] models has provided alternative method of quantum dielectric response measure. Study of static charge screening using linearized HD model leads to overestimated account for the quantum Bohm potential [34] [35] [36] . However, the kinetic corrected quantum potential term in HD model has been shown to lead to identical results to the gradient corrected TF for the quantum static charge screening [37] .
For a classical gas with increase in the temperature or number density of species the increase in the collision frequency between different species can lead to the ionization and plasma formation [38, 39] . The Saha criterion provides the estimate of such ionization in given thermodynamic equilibrium [40] . In the case of quantum plasmas where the interparticle spacing compares to the de Broglie thermal wavelength the increase in the electron number density is the dominant cause of pressure ionization in degenerate matter [41] .
However, the electron-electron collisions are prohibited by the Pauli exclusion mechanism in dense quantum plasmas [42] and can not contribute to the ionization. To investigate the ionization problem in quantum plasmas it is a good practice to study the atomic energy levels in the quantum electron gas in order to see the effect of electron density on the variation of bound state with the increase in the density. There has been an increased attention to this subject over the past few years [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Use of different numerical algorithms such as the RayleighRitz variational approach [53] and asymptotic iteration method (AIM) [54, 55] confirms that the energy of atomic levels when placed in extreme condition such as high density or temperature are shifted towards the continuum limit. It is seen that more and more bound states are lost as the number density of electrons increases until all energy levels become unbound. Recent investigation on quantum plasmas [56] with five different screening potentials reveals a quite ramarkable behavior for newly suggested potentials by Shukla and Eliasson (SE) and kinetic corrected Shukla-Eliasson (cSE) version. It is particularly shown that for the cSE potential around the metallic density of electrons the 1s energy level of hydrogen and helium move away from the continuum and become more bound. These finding, if it is further confirmed, can suggest novel stabilization and binding mechanism for the metallic electron concentration regime. It is however the aim of current study in order to investigate the atomic bound states for a much wider electron concentration in order to see if or not such major deviations from standard screening scheme is present for these new models.
II. STATIC CHARGE SCREENING
The most familiar and simplest static charge screening effect corresponds to the classical Debye shielding model which gives rise to the potential around the screened charge Q = Ze
with T e and n 0 being the screening electron fluid temperature and number density, respectively. This theory relies on the Maxwell-Boltzmann distribution function which predicts an exponential energy-density relation n(r) = n 0 (r) exp(eΦ/k B T ) in a thermal equilibrium.
However, as the electron gas around the impurity charge increases to the extent of critical
T e is the de Broglie thermal wavelength, the overlap of single-electron wavefunctions lead to quantum effects deviating the statistical description of the system from standard Maxwell-Boltzmann theory. The quantum regime starts at approximate density of n 0 ≃ 10 18 cm −3 with the criteria of quantum coupling parameter being the ratio of the potential-to-kinetic energy ration approaching unity, i.e., Q c ≃ 1.
Other criteria may be given based on the Landau length
being the average inter-particle distance) or equivalently k B T e ≤ e 2 /d coins the quantum realm. Therefore, the criteria of application of quantum models to a plasma at equilibrium state may be either d ≤ Λ L or d ≤ Λ D . The simplest quantum static screening model for plasmas is the well-known Thomas-Fermi model which relies on the generalized energy density relation n e (r) = n 0 (r)
where the polylog function Li is defined through the Fermi integrals as
where Γ is the ordinary gamma function and µ stands for the chemical potential of the electron gas. Note that in the fully degenerate electron gas limit, z ≫ 1, we have lim z→∞ Li ν (−e z ) = −z ν /Γ(ν+1) and in the classical limit, z ≪ −1, we have Li ν (−e z ) ≈ −e z .
The full degeneracy starts when T e ≪ T F in which λ T F = 1/ 4πe 2 ∂n e /∂µ in which the number density is given by [37] n e = −NLi 3/2
where N = 2/Λ 3 D . The Thomas-Fermi wavenumber for arbitrary degenerate electron gas reads k T F = 1/λ T F . In the full degeneracy limit the effect of temperature in (2) becomes insignificant and the chemical potential equals the Fermi-energy and therefore one obtains the Thomas-Fermi wavenumber k T F = 4m e e 2 k F /π 2h 2 in which k F = √ 2m e E F /h is the Fermi wavenumber. A simple expression for the Thomas-Fermi wavenumber at zero-temperature limit is k T F = √ 3ω p /v F where ω p = 4πe 2 n 0 /m e and v F = 2E F /m e are plasmon frequency and electron Fermi speed, respectively.
The Thomas-Fermi screening theory is a semi-classical one which appropriately incorporates the quantum statistical effects to some extent. For instance, the quantum recoil or diffraction effect due to the quantum potential is ignored in this model. The quantum potential also known as the Bohm potential is understood to be the origin of many nonlocal effect in dielectric response of degenerate electron gas. One appropriate alternative to the conventional Thomas-Fermi models is the quantum kinetic theory which is based on the Wigner-transformation. The quantum hydrodynamic [30] which is obtained from the moments of the Wigner-Poisson system [42] is the simplest yet a powerful variation among other theories in order to investigate plasma response through the interactions of electron via consistent electromagnetic potentials defined by the Maxwell equations. The gradient corrected Thomas-Fermi model is also another equivalent alternative to the original Thomas-Fermi model which correctly accounts for the quantum electron diffraction effect. Using the quantum hydrodynamic model Shukla and Eliasson [57] for the first time calculated the dielectric function and the static charge screening potential in a completely degenerate electron gas
where ε(k, 0) is the static longitudinal dielectric response of electron gas and
where the electron exchange and correlation and effective mass contributions has been ignored for simplicity by setting v XC = 0 and m * = m e . They obtained the simple analytic expression for screening potential of cosine-sine-exponential form as follows
where the potential parameters are given as
The parameter of the potential α SE = 3h 2 ω 2 p /(4m 2 e v 4 F ) is critical to the shape of the screening potential which can be either monotonic when α SE < 1/4 or oscillatory when α SE > 1/4.
Note also that the single potential (19) with the given parameters in (6) is valid for both potential forms of monotonic and oscillatory. Because of discrepancy between the above result and the density functional theory (DFT) simulations an intense debate has gone on the validity of the hydrodynamic or DFT theories [57] [58] [59] [60] [61] [62] . This is because the SE potential gives rise to the Lennard-Jones type attractive potential around the screened ion for a wide range of the electron number density which is well above the metallic density regime. The latter phenomenon leads to significant consequences for the inertial confinement scheme at superdense plasma regime and warm dense matter (WDM) [63] .
On the other hand, using the Lindhard theory of dielectric response based on RPA and quantum kinetic theory in the zero temperature electron gas limit the dielectric function with corrected α-parameter for hydrodynamic formulation has been recently obtained which leads to the correct form of screening potential in the low phase speed limit of excitations [35] 
with the potential parameters given as
The correction applies only to the parameter, α, leading to the expression α cSE =
). However, the mathematical structure of screening potentials (19) and (7) may be further simplified as
where Γ cSE = E p /2E F with E p =hω p being the plasmon energy and Γ SE = √ 3Γ cSE . Note that the potential (9) is normalized in Rydberg energy unit with r being scaled to the Bohr radius r B =h 2 /m e e 2 and k 0 = 1/r B . The critical screening (Γ = 1) in cSE-model [18] , corresponds to the point where plasmon energy becomes twice the Fermi energy, or equivalently, when the plasmon wavenumber equals √ 2 times the Fermi-wavenumber. This is the point where the screening potential turns from monotonic to oscillatory and viceversa.
The critical screening in the cSE model corresponds to the electron number density of n 0 ≃ 64/(81π 5 r 3 B ) = 1.74 × 10 22 cm −3 beyond which the potential becomes oscillatory. In the SE-model the critical point coincides with the electron number density of n 0 ≃ 4.7×10 23 cm −3 which is almost one order of magnitude larger. The potential parameters of SE and cSE model are compared in Table 1 (Fig. 1) for a wide range of electron number density. Figure 2 shows the variation of potential parameters for the SE and cSE screening models. Fig. 2(b) shows the parameter Γ for these screening models in a logarithmic scale. It is clearly remarked that the gamma parameter meets the critical value for SE model at larger electron density than for the cSE model. Figure 2 For the cSE model which includes the electron exchange and correlation effects we find the potential parameters as
where the generalized screening parameter in the cSE model including exchange-correlation effects reads 
III. ENERGY EIGENVALUES FOR TF, SE AND CSE MODELS
The asymptotic iteration method (AIM), as a powerful method of solving the secondorder differential equations, first has been used by Ciftci et al. [54, 55] method follows here. Consider the following general second-order homogenous differential equation y ′′ n (r) = λ 0 (r) y ′ n (r) + s 0 (r) y n (r),
with λ 0 (r) = 0 and the functions λ 0 (r) and s 0 (r) are being sufficiently differentiable with the prime sign denoting the derivative with respect to r. The equation (21) Then, for sufficiently large n, the fractional function limit is obtained 
By definition the following quantization condition leads to the energy eigenvalues δ j (r) = λ j+1 (r)s j (r) − λ j (r)s j+1 (r) = 0,
where j denotes the iteration number. The radial Schrdinger equation may be transformed into the form (21) for a desired potential function leading to the functional forms λ 0 (r) and s 0 (r) and the recurrence relations (17) are used to calculate the consequent iterated functions. The energy eigenvalues are then obtained from the roots of (18) with the consequent principal quantization numbers n being obtained iteratively from.
The separated radial part of the Schrödinger equation may be simplified for eigenfunctions which are related to the wavefunction by P nℓ (r) = rΨ nℓ (r), as 
The characteristic functions f (r) satisfies the following equation
with the coefficients given as
The calculation of the energy eigenvalues is possible by the quantization condition, i.e., (18) and V (r) = −Φ(r) defined already for TF, SE and cSE models. While the variables ǫ nℓ and r both appear in each iteration, by considering the condition δ j (r) = 0 the calculated eigenvalues should be independent from the choice of r. The choice of r can be critical for speed of convergence but it also should minimized the potential or equivalently maximized the wave function [64] . Therefore, the best choices can be r = (ℓ + 1)/κ. In our calculations we used the value of κ = 0.6 for all values of energy with ℓ = 0. from n 0 ≃ 10 20 cm −3 up to n 0 ≃ 10 24 cm −3 . It is evident that the 1s energy level for an isolated hydrogen ion in all models approaches the expected value of ǫ 10 = −13.6eV. It is also remarked that as the electron density increases initially the level lifts up towards the continuum limit which is also as expected based on the charge screening theory. Note that the increase in the electron number density leads to decrease/increase in the screening length/wavenumber. This consequently gives rise to the weakening of the bond strength of attached electrons and eventually a pressure ionization of neutral atoms take place beyond a critical electron density. It is therefore expected that the hydrogen ion loses its bound energy levels as the electron density is increased. Therefore the monotonic increase in the 1s level for all three models is indeed physical. However, this increase in more rapid for Thomas-Fermi However, for SE screening model the density range extends beyond the typical metallic electron density. Figure 4 shows the 1s energy level corresponding to the bound states of helium-like ion (Z = 2) for cSE, SE and TF models. It is interesting that for doubly ionized atom the stabilization mechanism which was found for hydrogen-like ions does not take place. This is contrary to findings of the recent literature based on the variational approach [56] . However, for the SE model a deflection around the electron density of n 0 ≃ 10 24 cm −3 takes place which leads to a shift of unbound density to higher values compared to the two other models. It is remarked that for isolated in the 1s level has an expected energy of ǫ 10 ≃ −54.4eV. With increase in the electron density a monotonic increase in 1s level up to a final density is predicted by both TF, SE and cSE models. The density corresponding the points where the helium 1s level becomes completely unbound in TF, SE and cSE models are, respectively, n 0 ≃ 10 22 cm −3 , n 0 ≃ 6.31 × 10 24 cm −3 and n 0 ≃ 10 23 cm −3 .
IV. NUMERICAL ANALYSIS AND DISCUSSION
In Table. 2 (Fig. 5) we have shown the parameters corresponding to cSE model with and without the electron exchange and correlation effects for a wide range of electron number density. It is remarked that α and Γ parameters are significantly affected by these effects and the changes are more pronounced at lower electron density. The variation of the fundamental potential parameter, Γ, is shown in Fig. 6(a) does not alter significantly the stabilization density range. In the presence of the exchangecorrelation effects the stabilization takes place in density range from n 0 ≃ 3.69×10 21 cm −3 to n 0 ≃ 1.32 × 10 23 cm −3 which is slightly lower compared to that without exchange-correlation effects. In the presence of exchange and correlation effects the 1s level becomes unbound in slightly higher electron concentration of n 0 ≃ 8.91 × 10 23 cm −3 . A comparison with real data for concentration of electron in metals [12] one is convinced that all metallic elements ranging from cesium with the lowest concentration n 0 ≃ 0.9 × 10 22 cm −3 to beryllium with the highest electron concentration n 0 ≃ 1.2 × 10 23 cm −3 including transition metals reside in the stable range between the maximum and minimum in Fig. 7 . It is interesting to note that metals closest to the minimum is the minimum which is beryllium is the strongest elemental metal with the shortest lattice spacing of 2.22 angstrom and the furthest one being cesium is the weakest metal with largest lattice spacing of 5.235 angstrom among all metallic elements.
It is remarkable to find that transition metals known to be strong metallic elements have relatively higher electron concentrations with the nickel being the strongest transition metal having the highest electron concentration of n 0 ≃ 9.14 × 10 22 cm −3 and a lattice parameter 2.49 angstrom slightly higher than that for beryllium. According to the generalized cSE model the electron concentration corresponding to the turning point of 1s energy level of hydrogen ion at n 0 ≃ 4.45 × 10 21 cm −3 (r s ≃ 7.13) is where a first-order insulator-to-metal transition takes place.
V. CONCLUSION
We used the asymptotic iteration method to calculate the first energy level of hydrogen and helium-like ions in a degenerate electron gas. Based on three different screening models, namely, the Thomas-Fermi (TF), Shukla-Eliasson (SE) and corrected Shukla-Eliasson (cSE) the variation of the 1s level with the change in the electron number density was compared and remarkable differences and similarities between the first and later two models were coined.
The original Thomas-Fermi model predicts a monotonic increase in the 1s level of both hydrogen and helium-like ions as the electron concentration is increased. However, in SE and cSE models of screening the 1s level of hydrogen ion first increases then passes through a maximum and then a minimum and then increases towards the continuum limit. The existence of the corresponding sudden decrease in energy level with increase in the electron concentration which occurs for the exact metallic electron concentration for the cSE model was attributed to a stabilization mechanism which takes place due to the interaction between the plasmon and Fermi energies. In the case of helium-like ions no stabilization of this kind was found. The effect of electron exchange and correlations on variation of 1s energy level of hydrogen-like ion was investigated and has been found that no significant the exchange and correlation have no significant effect on the stable density range. Finally, a simple criterion for metal-insulator transition in the cSE quantum charge screening model is given.
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